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This is joint work with my advisor, Dr Hailiang Liu.

This presentation is based on our papers submitted to
Discrete and Continuous Dynamical Systems:

@ Critical thresholds in a nonlocal Euler system with relaxation
(ArXiv: 2010.02362),

@ Sharp critical thresholds in a hyperbolic system with
relaxation (ArXiv: 2012.06804).
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Introduction

Euler-Poisson systems

Motivation to CT Phenomena

Pressureless Euler equation,

pr+ (pu)x =0, R x(0,00),

uy + uuy = 0,

with u(0, x) = up(x) and p(0, x) = po(x) > 0, both being C?
functions.
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Introduction

Euler-Poisson syste

Motivation to CT Phenomena

Pressureless Euler equation,

pr+ (pu)x =0, R x(0,00),

uy + uuy = 0,

with u(0, x) = up(x) and p(0, x) = po(x) > 0, both being C?
functions. Using method of characteristics,

ux(t, X(t; ) = % a€eR.

Hence, if for some x*, ugpx(x*) < 0, then

lim wpxy = —0co, t"=— .
t—t*— X ’ UOX(X*)
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Introduction

Euler-Poisson systems

uy is bounded for all time if and only if ugx(x) > 0 for all x € R.

Guhod
Tveshold
< |
£ 6. ! Gelobel sobution
0 U

Criteria of breakdown: uy — —oo (shock formation) along with
p — oo (density concentration) at the same time.
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Introduction

Euler-Poisson systems

uy is bounded for all time if and only if ugx(x) > 0 for all x € R.

Ghiod
Tveshold
< |
£ 6. ! Gelobel sobution
0 U

Criteria of breakdown: uy — —oo (shock formation) along with
p — oo (density concentration) at the same time.
Following are some of the many researchers having extensively
studied CTC for various systems:
@ Hailiang Liu
Eitan Tadmor
Alexander Kiselev
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Introduction

Euler-Poisson systems

1D Euler-Poisson systems

pr+(pu)x =0, xeR
U + Uty = — @y,

— Oxx = p-
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Introduction

Euler-Poisson systems

1D Euler-Poisson systems

pr+(pu)x =0, xeR
U + Uty = — @y,

— Qxx = p-

@ There is global solution for all time if and only if

uox(x) + v/2po(x) > 0 for all x € R.

= Critical Threshold Curve
Subcritical Region
Supercritical Region

0x

Po 5/31



Model introduction
Local existence
Critical threshold

Nonlocal relaxation

A class of 1D Euler type system:

pr+(pv)x =0, x€eR

ur + uuy = p(v — u).

with initial conditions 0 < pg, up € L>(R) and px, ux € H*(R),
s> 1.
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Model introduction
Local existence
Critical threshold

Nonlocal relaxation

A class of 1D Euler type system:
pt+(pv)x =0, xeR
ur + uuy = p(v — u).

with initial conditions 0 < pg, up € L>(R) and px, ux € H*(R),
s> 1.
@ Choosing an appropriate v to close the system

@ A nonlocal v has analogy with nonlocal models for fluid flows
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Nonlocal relaxation

Model introduction
Local existence
Critical thresho

A class of 1D Euler type system:

pt+(pv)x =0, x€R
ur + uuy = p(v — u).
with initial conditions 0 < pg, up € L>(R) and px, ux € H*(R),
s> 1.
@ Choosing an appropriate v to close the system

@ A nonlocal v has analogy with nonlocal models for fluid flows
@ We assume v = @ * u.
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Nonlocal relaxation

pt+V(pQ*U)=0,
ug + (u-Viu=p(Q*u—u).

fRN y)dy =1, @ > 0and Q € WL(RN)

For general @, this system tends to a strictly hyperbolic
system under the hyperbolic scaling limit x — x/¢, t — t/e

Assume the usual symmetricity of @ around the origin

Conventional local existence uniqueness theorems for
p,u € HHL(RN), s > N/2

We prove for more general space: p,u € L°(RV) and
Vp,Vu € H*(RN)
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Model introduction
Local existence
Critical threshold

Nonlocal relaxation

Local existence

@ Follow a procedure inspired by Majda (1984)
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Model introduction
Local existence
Critical threshold

Nonlocal relaxation

Local existence

@ Follow a procedure inspired by Majda (1984)

@ Set up an iteration scheme
@ Prove sequence is Cauchy in L norm (New)
© Higher regularity of limit

@ Uniqueness using modified energy estimate derived
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Model introduction
Local existence
Critical threshold

Nonlocal relaxation

CTCin 1D

Question: Find a curve in the phase space of initial configuration which
precisely delineates the global solution/finite-time-breakdown regions.
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Model introduction
Local existence
Critical threshold

Nonlocal relaxation

CTCin 1D

Question: Find a curve in the phase space of initial configuration which
precisely delineates the global solution/finite-time-breakdown regions.

— Criical Threshold Curve,
Subcritical Region
B Supercritical Region

Uox

"o
Figure: Idea of threshold curve.

Global solution: If g(po(x), uox(x)) > 0 for all x € R,
FTB: If g(po(x™), uox(x*)) < 0 for some x* € R.
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Model introduction
Local existence
Critical threshold

Nonlocal relaxation

Result

pt+(pPQ*u)x =0, x€eR
ur + uux = p(Q * u — u).

@ [Subcritical region] A unique solution p, u € C([0, 00); L*°(R))
and

Px, Ux € C([0,00); H*(R)), s>1

exists if tgx(x) + po(x) > 0 for all x € R.

@ [Supercritical region] If 3x* € R for which ugx(x*) < —po(x*),
then uy, — —oo in a finite time.

v
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Model introduction
Local existence
Critical threshold

Nonlocal relaxation

Result

pt+(pPQ*u)x =0, x€eR
ur + uux = p(Q * u — u).

@ [Subcritical region] A unique solution p, u € C([0, 00); L*°(R))
and

Px, Ux € C([0,00); H*(R)), s>1

exists if tgx(x) + po(x) > 0 for all x € R.

@ [Supercritical region] If 3x* € R for which ugx(x*) < —po(x*),
then uy, — —oo in a finite time.

@ Usually, it's hard to derive precise thresholds for nonlocal
systems
@ Remarkably simple for a nonlocal system 10/31



Special case
Local relaxation General case

Local v

pe + (pf (p,u))x =0,
ur + uuy = p(f(p, u) — u).

Question: For what class of f does this system exhibit critical
threshold phenomena?
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Special case
Local relaxation General case

Local v

pe + (pf (p,u))x =0,
ur + uuy = p(f(p, u) — u).

Question: For what class of f does this system exhibit critical
threshold phenomena?

Rewrite
MR O R o |

A1 = pf,+f and Xy = u.
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Local relaxation

Al L )

o Ax(po(x); to(x)) # to(x) # M (p(t x), u(t. x)) # u(t,x)
@ May change type: strictly hyperbolic to weakly hyperbolic
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Local relaxation

Al L )

o A1(po(x). uo(x)) # to(x) 2 Aa(p(t, x), u(t, x)) # u(t, x)
@ May change type: strictly hyperbolic to weakly hyperbolic
@ Divide into two cases owing to type of system:

Q f,=0(f =f(u)only)
@ General
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Special case
Local relaxation General case

L )\1 =f
@ f — u > 0 is invariant:
|f(up(x)) — uo(x)] >0 = |f(u(t,x)) — u(t,x)| >0
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Special case
Local relaxation General case

L A]_ =f
@ f — u > 0 is invariant:
[f(uo(x)) — uo(x)| >0 = |f(u(t,x)) — u(t,x)[ >0

Proposition

Let f be a smooth function with f, = 0. Consider initial conditions
(po > 0,up) € CL(R) x CL(R) with inf|f(uo) — up| > 0. If £, <0
for solution u under consideration, then

Bounds on v and p: u(t,-) is uniformly bounded and satisfies
|f(u(t,-)) —u(t,-)] >0 for t >0. And

sup polf (uo) — uol
p(t7 X) S u(t,x)  d¢

eluot) T |F(u(t, x)) — U(t,X)l.
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Special case

Local relaxation General

[___Jinvariant Region

0 0.1 02 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Figure: Asymptotic invariant region.
u* is a root of f(u) — u=0.
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Special case
Local relaxation General case

Theorem

Let f be a smooth function with f, = 0. Consider initial conditions
(po > 0,up) € CL(R) x CA(R) with inf |f(ug) — uo| > 0. If £, <0 for
solution u under consideration, then

@ Global solution: If
UOX(X) + PO(X) > 07 Vx € Ra

then there exists a global classical solution p, u € C((0,00) x R).
Moreover, p, uy are uniformly bounded.

@ Finite time breakdown: If dxg € R such that

tox(x0) + po(x0) <0,

then limy_,¢,

px| = 0o or lim;_¢,

uy| = oo for some t. > 0.
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Special case
Local relaxation General case

Important points

@ System is strictly hyperbolic
@ Both p, u exist in the same space

@ This is consistent with the usual results for a strictly
hyperbolic system
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Special case
Local relaxation General case

Idea of proof

Take derivative of u; + uuy = p(f — u) and set e := uy, + p,

pt + fpx = fup(p —e),
et + uex = —e(e — p).
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Special case
Local relaxation General case

Idea of proof

Take derivative of u; + uuy = p(f — u) and set e := uy, + p,

pt + fpx = fup(p —e),
et + uex = —e(e — p).

o If f, <0, ¢ >0, we can show
sup eg(x),sup po(x) <M = 0 < e(t,x), p(t,x) < M for all
x€Rand t>0.

@ By taking derivative of first equation, py is bounded for any
time if e is.

@ For uniform bound on p, we need not assume
inf |f(uo) — uo| > 0. However, we need to use uy to bound.
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Special case

Local relaxation General case

@ By assuming strict hyperbolicity, we can use Riemann
Invariant technique (P.D. Lax, 1964).

Lol 10 ) =1 wn ]

If 3R = R(p,u) st. [R, RJ]=o¢lf—u phl
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Special case

Local relaxation General case

@ By assuming strict hyperbolicity, we can use Riemann
Invariant technique (P.D. Lax, 1964).

Lol 10 ) =1 wn ]
R (I RS R | I I I  §

If 3R = R(p,u) st. [R, RJ]=o¢lf—u phl

g ra([ 0] 10 0] =t w )

Rope + Ruus + f(Ropx + Ruux) = Rup(f — u)
R: + Ry = ¢p*fu(f — u) = pRAf,.

e R= pef“o O-¢(f — u) = po(f — u). Asymptotic bounds on p
can be readily concluded.
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Special case

Local relaxation General case

@ We do not need u,.
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Special case

Local relaxation General case

@ We do not need u,.

Differentiating equation of R

£2
(R«)t + fR = —fyr(e — 3p) — pR(e — p) (f = L fuu> .

@ Boundedness of Ry and, in turn, py can be readily concluded

@ p and u bounded together AND p, and uy together.
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Special case
Local relaxation General case

General f

Theorem

Let f = f(p, u) be a smooth function of its variables. Consider
initial conditions (po > 0, ug) € CL(R) x C2(R). If £, <0 for the
solutions under consideration, then

@ Bounds on u: There exists a smooth function ¢ : R™ — R
such that,

min {i%f ug, min ¢(p)} < u(t,-) < max {sup U, maxqﬁ(p)} )
R

for as long as p > 0 is bounded.
@ Bounds on p, u,: If

uOX(X) + pO(X) > 07 Vx € Ra

then p, u, are uniformly bounded.
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Special case
Local relaxation General case

Idea of proof

ur + uuyx = p(f(p, u) — u)

e f, —1 <0, then an Implicit Function Theorem type result
gives the existence of ¢ = ¢(p) with f(p, d(p)) = ¢(p).
@ Owing to the structure, we can show

min{inf up, min ¢(p)} < u(t, ) < max{sup up, max¢(p)}.

@ Bounds on uy is similar to previous case (Using the quantity
e = Uy + p).
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Special case
Local relaxation General case

Global Solution

Theorem

Let f = f(p, u) be a smooth function of its variables. Consider
initial conditions (po > 0, ug) € CL(R) x C2(R). If £, <0 for the
solutions under consideration, then

Global solution: If in addition to wugx + po > 0,

e (pf)pp >0, fuy <0 along with
pOX(X) Z 07 uOXX(X) + pOX(X) Z 07 Vx € R7

OR
e (pf)yp <0, fyy > 0 along with

pox(x) <0,  woxx(Xx) + pox(x) <0, Vx € R,

then there exists a global solution p € C1((0,00) x R) and
e C2(0 ~) v ) 22/31



Special case
Local relaxation General case

Important points

@ More conditions needed on
@ up and pg lie in different space: one more derivative need for u

@ Same for p as well as u
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Special case
Local relaxation General case

Idea of proof

@ e = uy + p can be bound as before
@ £ =pxand n = e

e+ b = ~(pF)pp2 + (20u(p — ) + fu(3p — 2€) )¢

— pfun — fuup(p — €)?,

Nt + unx = e€ + (2p — 3e)n.
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Special case
Local relaxation General case

Idea of proof

@ e = uy + p can be bound as before
@ £ =pxand n = e

e+ b = ~(pF)pp2 + (20u(p — ) + fu(3p — 2€) )¢

— pfun — fuup(p — €)?,

Nt + unx = e€ + (2p — 3e)n.

@ 7 is bounded if ¢ is.
fiﬂ = et +(2p— 3e)
i p—3em

gives

t t
n(t, X) = (0, xo)exp/ 2r=3€)d7 1. / expls (2r=3¢) 7 e¢ gis.
0
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Special case

Local relaxation General case

t t
n(t, X) = (0, xo)exp/ 2r—3€)d7 1. / expls (2r=3¢) 7 e¢ gis.
0

Lemma

Suppose e > 0. As long as & exists:
e If n(0,x) >0 and &(t,x) >0 for t > 0,x € R, then
n(t,x) >0 fort >0,x € R,
e If n(0,x) <0 and {(t,x) <0 fort >0,x €R, then
n(t,x) <0fort>0,x € R.
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Special case

Local relaxation General case

Using this, we can derive the final Proposition.

Proposition
(Bounds on &) Assume e(0,x) > 0 Vx € R.

@ Suppose 7(0, x),£(0,x) > 0 for all x € R. Also assume
(pf)pp > 0 and f,, < 0 for solutions under consideration.
Then n(t,x) >0, &(t,x) >0, for t > 0,x € R and for any
t >0, &(t,-) has a uniform upper bound.

@ Suppose 7(0, x),£(0,x) < 0 for all x € R. Also assume
(pf)pp < 0 and f,, > 0 for solutions under consideration.
Then n(t,x) <0, &(t,x) <0, for t > 0,x € R and for any
t >0, &(t,-) has a uniform lower bound.
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Special case
Local relaxation General case

Finite time breakdown

Theorem

Let f = f(p, u) be a smooth function of its variables. Consider
initial conditions (po > 0, up) € CZ(R) x C2(R). If f, <0 for the
solutions under consideration, then

Finite time breakdown: If Ixy € R such that

uox(xo0) + po(x0) < 0,

1

W) or faster, for

then Iimt%t; uy = —oo at the rate of O (

some t. > 0.
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Conclusion

Summary

@ For nonlocal relaxation,
@ Local existence in a more general space,
@ Precise critical threshold.
@ For local relaxation,
@ Existence of precise threshold in a special case under
@ Bounds on both thresholds under some restrictions, hence the
existence of critical threshold
@ Proof of local existence by modified existing proof for strictly
hyperbolic systems (C.M. Dafermos)
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Conclusion

A natural question

@ Is there an existence of a critical threshold for f, > 07
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Conclusion

A natural question

@ Is there an existence of a critical threshold for f, > 07

Thank Youl!
Questions?
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