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Abstract

We use a transformation of variables to come up
with the precise threshold curves for pressureless
Euler-Poisson system of equations in 1D for all three
cases of damping: overdamped, underdamped and
borderline damped. We represent the sharp
thresholds as the boundary between two invariant
sets in a plane through a uniquely defined curve.
Subsequently, we apply these general results to
recover thresholds in a non-local system [1] relevant
for modeling collective behavior in mathematical
biology.

INTRODUCTION

We are concerned with the critical threshold phenomena in
the following Euler-Poisson system,

pt + (pu)x = 0,
Us + uuy = —Kdy — vu, (1)
— bxx = p —C,

on R x (0, oo) subject to C' initial conditions. Here ¢ > 0 is
the constant background, v > 0 is the damping coefficient,
and k is the force direction coefficient. k > 0 signifies
repulsive forces and vice-versa. Finite time breakdown vs
global regularity of the solution is an important aspect of
such systems. This question has been addressed in a
series of works.

KEY IDEA

Along the particle path,
M= {(x, ) x'(t) = u(x(t), 1), x(0) = & € R}, the dynamics
of p and d := uy are governed by,

o' +pd=0,
d +d*+vd=k(p—rc).

We introduce a change of variables,
d 1
r=— §=-—.
P P

Consequently, we obtain the following linear system,

r'=—vr—k(1—cs), ,

s —_r (2)
with appropriate initial conditions. We employed the
method of characteristics to convert the PDE system (1) to
ODE system (2). On observation, s(t) >0Vt >0 <—
global solution. This linear ODE system can be uniquely
solved to obtain the critical threshold. We further
characterize the threshold curve using a uniquely defined
curve.

REsuLTs

THEOREM

For the given 1D Euler Poisson system (1), 3(x*, t*) for which lim;_, y«— ux(x*, 1) = —oo iff 3x € R

such that

1. (v > 2vVkc) Strong damping

where A\ =

Ug(X) + Aa(c — po(x))} < 0, and
CAouy(X) + k(c — po(x)) i _ |eMUp(x) + k(e — po(x))
Kpo(x) h Kpo(x)

v—/v2—4kc v/ 4kC
5¢ and Ao = 5¢

max{ug(x),

2. (v = 2+/kc) Borderline damping

max{ug(x), ug(x) + —po(x)} <0, and

o 2cug(x) + v( C—pOX) 2cuy(x)
Vpo 2CUO

X)+v(c—pg(x))

3. (v < 2vkc) Weak damping

(200(x) —C)
- |

B 2 [ 2 vi*
(ué(x)+v(C Zgo(X))> > 2 | %) (kceg 1) +

c2 m

where 1 = \/kc —v2/4 and

1_
t*::L ﬁ—l—tan1<

ZHUo( )
vug(x) 4 2k(c — pg(x) |

(0 vuy(x) < min{0, 2k (pg(x) — ¢)},
P=q 7 2k (po(x) — ¢) < vuy(x),
L 2m 0 < vup(x) < 2K(pg(x) —c).

THEOREM

For the Euler-Poisson system (1), there exists a unique solution p, u € C1(R x (0, )) iff¥x € R,
1. (v > 2Vkc) Strong damping:
where Q3 :

2. (v = 2Vkc) Borderline damping:
where Qp : [0

(Po(x), Ug(x)) € {(p,d) : d > —pQal(1/p), p > O},

[0, 0) — [0, o0) is a continuous function satisfying
dQa K B
ey v+Q—a(1 —cs), Q3(0) =0

(po(X),

oo) IS a continuous function satisfying

de_ B
e = 2\/_+Q—b1—cs) Qp(0) =

,00) — [0,

3. (v < 2Vkc) Weak damping:

where s*

(po(X),

> 0 is uniquely determined and Q1 : [0, s*]

uh(x)) € {(p,d) : —pQ(1/p) < d < —pQu(s* —1/p), p € (1/5*, )},
— RTU{0}and Qs : [0,

are continuous functions satisfying

aQy K B
s v+a1(1 —cs), Q1(0) =
dQ, Kk o B
s ——v+—02( c(s"—s)—1), Q(0) =

ug(x)) €{(p,d): d >—pQp(1/p), p > 0},

s*] — R~ U {0}

APPLICATION TO AN AGGREGATION SYSTEM [1]

Instead of electric force governed by the Poisson equation, here we have
non-local interactions between particles. The system then reads,

ot + (pu)x =0, (x,t) € R x (0, 0), 3)
ur + uux = —oWxp—u,
where
Wix) = —ixl + X2
2

subject to C initial conditions with [, po(x) dx = M.

THEOREM

For the 1D pressureless damped Euler system of equations (3), there exists
a unique global solution p,u € C1(R x (0, 00)) iff¥x € R,

1. (Subcritical mass My < 1/4)

(po(x), ug(x)) € {(p,d) : d > —pRa(1/p), p > 0},
[0, 00) — [0, c0) is a continuous function satisfying
dRa ., 1 _

2. (Critical mass My =1/4)
(po(x), ug(x)) € {(p,d) : d > —pRy(1/p), p > 0},
where Ry, : [0, 00) — [0, o0) is a continuous function satisfying
dRy 1
s =1+ R_b( —s/4),

3. (Supercritical mass My > 1/4)

where R; :

R, (0) = 0.

(po(x). Ug(x)) € {(p,d) : —pRy(1/p) < d < —pRo(y —1/p), p € (1/y,0)},
where
v= 2 (14 oV,
Mo
and Rq : [0,v] — R™ U{0} is a continuous function satisfying
dR; 1
— =1+ 2—M R —
0 R1( 0s), R1(0) =0,
and Rs : [0,v] — IR~ U{0} is another continuous function satisfying
dR, 1
T2 {4 —(Myly—8)— - 0.
ds =1+ g, (Moly—s)—2), Rp(0)=0
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